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Abstract. We consider the Schrodinger operator —A + V{x) on Hq{^1), where f2 is a given 
domain of M''. Our goal is to study some optimization problems where an optimal potential V > 
has to be determined in some suitable admissible classes and for some suitable optimization 
criteria, like the energy or the Dirichlet eigenvalues. 
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1. Introduction 

In this paper we consider the Schrodinger operator —A + V{x) on Hq{Q,), where $7 is a given 

domain of W^. Our goal is to study some optimization problems where an optimal potential 
V > has to be determined, for some suitable optimization criteria, among the ones belonging 
to some admissible classes. The problems we are dealing with are then 

mm{F{V) : V €V}, 

where F denotes the cost functional and V the admissible class. The cost functionals we aim to 
include in our framework are for instance the following. 

Integral functionals. Given a right-hand side / G L^(r2) we consider the solution uy of the 
elliptic PDE 

-Au + Vu = f inn, ueH^{n). 
The integral cost functionals we may consider are of the form 



^(V) = / j{x,uvix),Vuvix)) dx, 



where j is a suitable integrand that we assume convex in the gradient variable and bounded 
from below. One may take, for example, 

j{x, s, z) > —a{x) — c|sp, 

with a € L^(Jl) and c smaller than the first Dirichlet eigenvalue of the Laplace operator —A in 
ri. In particular, the energy £f{V) defined by 

Sf{V) = My^(^\Vuf + ^V{x)u'-f{x)u)dx : ueH^in)^ 

belongs to this class since, integrating by parts its Euler-Lagrange equation, we have 

^/(^) = ^ f{x)uv dx, 

which corresponds to the integral functional above with 

1 



(1.1) 



energy 



j{x,s,z) 
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Spectral Junctionals. For every admissible potential y > we consider the spectrum A(V) 
of the Schrodinger operator —A + V{x) on Hq{Q). If $7 is bounded or has finite measure, or if the 
potential V satisfies some suitable integral properties, the operator —A + V{x) has a compact 
resolvent and so its spectrum AiV) is discrete: 

A{V) = {Xi{V),X2{V),...), 

where Xk{V) are the eigenvalues counted with their multiplicity. The spectral cost functionals 
we may consider are of the form 

F{V) = ^AiV)), 

for a suitable function $ : — t- M. For instance, taking ^*(A) = Afc we obtain 

F{V) = Xk{V). 



Concerning the admissible classes we deal with, we consider mainly the cases 



|y>o : 


j VPdx< l| 


and 


V 











|y > : 


J V-fdx < l| 







in some situations more general admissible classes V will be considered, see Theorem 3.1 and 
Theorem 14. 1[ 



In Section 3.1 our assumptions allow to take F{V) = —£f{V) and thus the optimization 
problem becomes the maximization of £f under the constraint dx < 1. We prove that for 

p > 1, there exists an optimal potential for the problem 



max|£:/(F) : j VPdx<lj. (1.2) 
The existence result is sharp in the sense that for p < 1 the maximum cannot be achieved (see 



Remark 3.11). For the existence issue in the case of a bounded domain, we follow the ideas of 
Egnell [17] , summarized in |13^ Chapter 8] (where a complete reference for the problem can also 
be found). The case p = 1 is particularly interesting and we show that in this case the optimal 
potentials are of the form 

f 

where xu indicates the characteristic function of the set U, f £ L'^{Q), M = llnyll^oo^f^), and 
u;± = {u = ibM}. In Section |4] we deal with minimization problems of the form 

mm{F{V) : [ V-Pdx<l}. (1.3) 1.3 

Jn 



We prove a general result (Theorem 4.1 ) establishing the existence of an optimal potential under 



some mild conditions on the functional F. In particular, we obtain the existence of optimal 



potentials for a large class of spectral and energy functionals (see Corollary 4.3). 

In Section [5] we deal with the case of unbounded domains 0,. precisely, we prove that in the 
case $7 = M'^ and F = £f or F = Xi, the solutions of problem (1.3) exist and are such that 1/V 



is compactly supported, provided / is compactly supported. Finally, in Section [6] we make some 
further remarks and present some open questions. 
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2. CapACITARY measures and 7-CONVERGENCE 
For a subset E CM.'^ its capacity is defined by 

cap(£;) = inf <^ / \Vu\'^ dx + / dx : ueH^{R'^), u>l in a neighborhood of > . 

If a property P{x) holds for all x £ Q, except for the elements of a set E C 0, oi capacity zero, 
we say that P{x) holds quasi- everywhere (shortly q.e.) in fi, whereas the expression almost 
everywhere (shortly a.e.) refers, as usual, to the Lebesgue measure, which we often denote by 

A subset A of M"^ is said to be quasi-open if for every e > there exists an open subset 
of R"^, with A C Ag, such that cap(j4e \ ^4) < e. Similarly, a function u : R'^ — )• M is said to be 
quasi- continuous (respectively quasi-lower semicontinuous) if there exists a decreasing sequence 
of open sets (A„)„ such that cap(A„) — and the restriction n„, of u to the set A^ is continuous 
(respectively lower semicontinuous). It is well known (see for instance [18]) that every function 
u G H^{]R.'^) has a quasi-continuous representative u, which is uniquely defined up to a set of 
capacity zero, and given by 

u{x) = linr \ [ u{y) dy , 

where Be{x) denotes the ball of radius e centered at x. We identify the (a.e.) equivalence class 
u G i7^(]R'^) with the (q.e.) equivalence class of quasi-continuous representatives u. 

We denote by AA~^(W^) the set of positive Borel measures on (not necessarily finite 
or Radon) and by M-'^^p{W^) C M-'^{W^) the set of capacitary measures, i.e. the measures 
fi G A^+(M'^) such that fJ-{E) = for any set S C of capacity zero. We note that when // is 
a capacitary measure, the integral f^a {u]"^ dfi is well-defined for each u G H^{M.'^), i.e. if ui and 
U2 are two quasi-continuous representatives of u, then f^^ luil"^ d^ = \u2\'^ dfi. 

For a subset Q C M'^, we define the Sobolev space -ffg(J7) as 

H^(n) = |u G H^(R'^) : u = q.e. on . (2.1) 

Alternatively, by using the capacitary measure Iq defined as 

, , fo if cap(E\n) = . ^ 

\+oo if cap(^\0) >0 

the Sobolev space HQ{il) can be defined as 

H^{n) = |u G H^{R'^) : j jup dl^ < +oo| . 

More generally, for any capacitary measure G A^^p(M'^), we define the space 

H;, = \uGH\R'') : / 
I JR 

which is a Hilbert space when endowed with the norm where 



|up dfj, < +00 '> , 



If n ^ i?^, then we set = +00. 
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For Q C M*^, we define A^+^p(Sl) as the space of capacitary measures /u G A^^p(]R'^) such 
that fi{E) = +00 for any set E CR'^ such that cap(£; \Q) > 0. For /u G (M'^), we denote 



'capV""/' """" ^j^^v^v^ ^^^^^^^^^j ^^^-^^^^^^^ ^ ^ -'•'cap 

^cap 

With HUn) the space . = i/^ n ^1(1^). 



Gamma Definition 2.1. Given a metric space {X,d) and sequence of Junctionals Jn ■ X ^ ML) {+00} , 
we say that Jn T-converges to the functional J : X — t- RU {+00}, if the following two conditions 
are satisfied: 

(a) for every sequence Xn converging in to x £ X, we have 

J{x) < hminf Jn{xn)', 

n— ^-oo 

(b) for every x G X , there exists a sequence Xn converging to x, such that 

J{x) = hm Jn{Xn)- 
n— ^-oo 

For all details and properties of F-convergence we refer to here we simply recall that, 
whenever J„ F-converges to J, 

min J(x) < liminf min J„(x). (2-3) 

gamma Definition 2.2. We say that the sequence of capacitary measures fin G 7W^p(r2), ^-converges 
to the capacitary measure /u G A^^p(r2) if the sequence of functionals \\ ■ T-converges to the 
functional \\ ■ ||i^^ inL'^{Q), i.e. if the following two conditions are satisfied: 

• for every sequence Un ^ u in L'^(Q) we have 



\Vu\'^ dx + / li^ < lim inf < / \'S/un\'^ dx + / u^dfin 

jRd [jRd 



• for every u G L there exists Un ^ u in L (Q) such that 
/ \Vu\'^dx+ / u^dfi= lim \ / \Vun\^dx+ / 
If /X G Mt^p{n) and / G L'^{n) we define the functional J^{f, •) ■.L'^{n)^RU {+00} by 



Mf^^) = l I iVnpdx + J / n^d/i- / fudx. (2.4) \¥] 

^ Jn Jn Jn 

If C M'^ is a bounded open set, /x G A^^p(O) and / G L^(0), then the functional Jij.{f, •) 
has a unique minimizer u G Hj^ that verifies the PDE formally written as 

-Au + fiu = f, u G ff^(O), (2.5) dumuf 

and whose precise meaning is given in the weak form 

Vu-Vipdx+ / uipdpL= I fifdx, £ Hj^{Q), 

n Jn Jn 

The resolvent operator of —A + fi, that is the map TZ^ that associates to every / G L^(il) the 
solution u G Hj^i^) C L^{n), is a compact linear operator in L^(r2) and so, it has a discrete 
spectrum 

< • • • < Afe < • • • < A2 < Ai. 

Their inverses l/A^ are denoted by Afc(/u) and are the eigenvalues of the operator —A + fj,. 
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In the case / = 1 the solution will be denoted by and when /i = Iq we will use the 
notation wq instead of wj^. We also recall (see p]) that if i7 is bounded, then the strong 
L^-convergence of the minimizers w^^ to is equivalent to the 7-convergence of Definition 



2.2 



Remark 2.3. An important well known characterization of the 7-convergence is the following: a 
sequence /i„ 7-converges to fj,, if and only if, the sequence of resolvent operators TZ^„ associated 
to — A + converges (in the strong convergence of linear operators on L^) to the resolvent 
Tlfj_ of the operator —A + fi. A consequence of this fact is that the spectrum of the operator 
—A + fin converges (pointwise) to the one of —A + fx. 

Remark 2.4. The space A^^p(r2) endowed with the 7-convergence is metrizable. If 0, is bounded, 



'cap 



\]^2. Moreover, in this case, in |10j it is proved that the space 



one may take d^{fJ-, v) 
•^cap(^) endowed with the metric is compact. 

Proposition 2.5. Let ^ <ZW^ and let Vn G L^{ft) be a sequence weakly converging in L^(0) to 
a function V. Then the capacitary measures Vndx ^-converge to V dx. 

Proof. We have to prove that the solutions n„ = Ry^{l) of 

J -Au„ + Vn{x)Un = 1 

weakly converge in Hq{Q) to the solution u = -Rv'(l) of 

\-/\u + V{x)u = 1 



u G Hl{n), 



or equivalently that the functionals 

Jn{u) = 

r(L^(r2)) -converge to the functional 

J{u) = 

The F-liminf inequality (Definition 



Vu\ dx + Vn{x)u dx 



Vu\'^dx+ / V{x)u'^dx. 



2.1 



(a)) is immediate since, if — )• u in L^(r2), we have 



|Vn|^ dx < liminf 

71— >00 



I VUn I dx 



by the lower semicontinuity of the H^{Q,) norm with respect to the L^(r2)-convergence, and 

/ V{x)u'^ dx < limmf / Vn{x)u'^dx 
Jn Jn 

by the strong- weak lower semicontinuity theorem for integral functionals (see for instance [1]). 

Let us now prove the T-limsup inequality (Definition 2.1 (b)) which consists, given u G 
i?Q(0), in constructing a sequence ti„ — u in L^(Q) such that 



lim sup 

n— >oo 

For every t > let 



Vun\'^ dx + / Vn{x)u'^dx < / \Vu\'^ dx + / V{x)u'^ dx 



(li A t) V (— t); then, by the weak convergence of Vn, for t fixed we have 



lim 



Vn{x)\u^^dx= / V{x)\u^^dx, 



(2.6) potgls 
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and 



lim 

t— 5>+00 



[ V{x)\u^\'^dx= [ V{ 
Jn Jn 



x)\u\ dx. 



Then, by a diagonal argument, we can find a sequence t„ — )• +00 such that 



lim 

n— >oo 



Vn{x)\u^"\'^ dx = / V{x)\u\'^dx 



Taking now Un = u^" , and noticing that for every t > 



I Vnp dx, 



we obtain (2.6) and so the proof is complete. □ 

In the case of weak* convergence of measures the statement of Proposition 2.5 is no longer 
true, as the following proposition shows. 

VgeW Proposition 2.6. Let C (d > 2) be a bounded open set and let V,W € L\{^) be two 
functions such that V >W. Then, there is a sequence Vn G L^(0), uniformly bounded in L^{^), 
such that the sequence of measures Vn{x) dx converges weakly* to V{x)dx and ^-converges to 
W{x) dx. 

Proof. [^Without loss of generality we can suppose Jo^iV — W) dx = 1. Let ^„ be a sequence of 
probability measures on Q weakly* converging to {V — W) dx and such that each /u„ is a finite 
sum of Dirac masses. For each n G N consider a sequence of positive functions Vn,m £ L^{^1) 
such that Vn,m dx = 1 and Vn^mdx converges weakly* to SiS m ^ 00. Moreover, we choose 
Vn,m as a convex combination of functions of the form |-Bi/m|^^XBi/„(i'j)- 

We now prove that for fixed n G N, {Vn^m + W) dx 7-converges, as m — )• 00, to W dx or, 
equivalently, that the sequence ww+v^m converges in to ww, as m — )• 00. Indeed, by the 
weak maximum principle, we have 



where f^^.n = \ UjBi/^{xj) and /^^ „ is as in p^ . 

Since a point has zero capacity in M*^ {d > 2) there exists a sequence 
H'^{R'^) with (/>m = 1 on 5i/„(0) and 0m = outside B^/^{0). We have 

{ww - ww+ln„ „ ) dx 



strongly in 



\ww - ww+In 



' dx < 2\\ww\\l° 



n 



A\\ww\\l°°{E{W + In 
1 

n^ 
2 



E{W)) 



< 4:\\ww\\l°° 

1 



n 



l^^wwl' 



VWm\ 
1, 



+ - Ww 

'2 m 



Wm dx 



Ww dx 



where Wm is any function in G i7Q(ilm,n)- Taking 

Wmix) = Ww{x) JJ(1 - 4)rn{x - Xj)), 



(2.7) VgeWeql 



since 



— )■ strongly in R^{W^\ it is easy to see that Wm — )■ ww strongly in ii^i^) and so, 
by (2.7), ww+iii Ww in l^ipi) as m — >• 00. Since the weak convergence of probability 



^the idea of this proof was suggested by Dorin Bucur 
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measures and the 7-convergence are both induced by metrics, a diagonal sequence argument 
brings to the conclusion. □ 



Remark 2.7. When d = 1, a result analogous to Proposition 2.5 is that any sequence (/i„) 
weakly* converging to fi is also 7-converging to fj,. This is an easy consequence of the compact 
embedding of Hq{Q,) into the space of continuous functions on Q,. 



We note that the hypothesis V > W in Proposition 2.6 is necessary. Indeed, we have the 
following proposition, whose proof is contained in [9l Theorem 3.1] and we report it here for the 
sake of completeness. 

Proposition 2.8. Let /i„ G A4^p(il) be a sequence of capacitary Radon measures weakly* con- 
verging to the measure v and 'y -converging to the capacitary measure fi € A^+jp(r2). Then ^ < u 
in il. 

Proof. We note that it is enough to show that ^{K) < v{K) whenever K dd is a compact 
set. Let li be a nonnegative smooth function with compact support in $7 such that n < 1 in 
and n = 1 on X; we have 



u^dv<u {{u > 0}) 



< / u'^ dfi < liminf / u'^ dfXn = 
Jn Jn 

Since u is arbitrary, we have the conclusion by the Borel regularity of u. 

3. Existence of optimal potentials in Lp{^) 
In this section we consider the optimization problem 

mm\F{V) : V : fl [0,+oo], [ dx < I 



□ 



(3.1) I pop 



where p > and F(V) is a cost functional depending on the solution of some partial differential 
equation on Q. Typically, F{V) is the minimum of some functional Jy '■ Hq{0.) — t- M depending 
on V. A natural assumption in this case is the lower semicontinuity of the functional F with 
respect to the 7-convergence, that is 

-^(^) ^ liminf F(/i„), whenever -^-y A*- (3-2) 

Theorem 3.1. Let F : L^{Q) — )• M 6e a functional, lower semicontinuous with respect to the 
-convergence, and let V be a weakly L^[Q) compact set. Then the problem 

min{F(y) : V £ V} , (3.3) 

admits a solution. 

Proof. Let (Vn) be a minimizing sequence in V. By the compactness assumption on V, we may 



assume that Vn tends weakly L^{Q) to some V ^ V. By Proposition 
7-converges to V and so, by the semicontinuity of F, 

F{V) < liminf F(K), 

n—^oo 

which gives the conclusion. 



2.5 



we have that Vn 



□ 



Remark 3.2. Theorem |3.1| applies for instance to the integral functionals and to the spectral 
functionals considered in the introduction; it is not difficult to show that they are lower semi- 
continuous with respect to the 7-convergence. 



Isc 
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Remark 3.3. In some special cases the solution of (3.1) can be written explicitly in terms of the 
solution of some partial differential equation on Q. This is the case of the Dirichlet Energy, that 
we discuss in Subsection 3.1 and of the first eigenvalue of the Dirichlet Laplacian Ai (see |12| 
Chapter 8]). 

The compactness assumption on the admissible class V for the weak L^{Q) convergence 
in Theorem 13. II is for instance satisfied if i7 has finite measure and V is a convex closed and 
bounded subset of L'P{i}), with p > 1. In the case of measures an analogous result holds. 



Theorem 3.4. Let Q C be a bounded open set and let F : A4^^p{Q) - 
lower semicontinuous with respect to the ^-convergence. Then the problem 



be a functional 
(3.4) 



min{F(/i) : ^, E A^+p(0), /i(0) < l} , 
admits a solution. 

Proof. Let (//„) be a minimizing sequence. Then, up to a subsequence /i„ converges weakly* to 

we have 
□ 



some measure v and 7-converges to some measure /i G A^^p(il). By Proposition 
that /u(r2) < v{Q) < 1 and so, /i is a solution of (3.4). 



2.8 



The following example shows that the optimal solution of problem (3.4) is not, in general, 
a function V{x), even when the optimization criterion is the energy £f introduced in (1.1). On 
the other hand, an explicit form for the optimal potential V{x) will be provided in Proposition 
3.9 assuming that the right-hand side / is in L'^{Q). 



Example 3.5. Let O = (—1, 1) and consider the functional 



mm ■ 



\u\'^dx+^j u'^dfi-u{0) : ueH^in)^. 
Then, for any fj, such that /u(r2) < 1, we have 

F(/i) > - min I J / \u'\'^ dx + ^{supuf - u{0) : ueH^{n),u>0 



(3.5) 



By a symmetrization argument, the minimizer u of the right-hand side of (3.5) is radially 
decreasing; moreover, u is linear on the set u < M, where M = supu, and so it is of the form 

M 



u{x) 



l-a 

M, 



x 



M 
l-a ' 



1—a 1— a' 



X G [—1, — q], 
X G [—a, a], 
X G [a, 1], 



(3.6) 



for some a G [0, 1]. A straightforward computation gives a = and M = 1/3. Thus, u is also 
the minimizer of 



F{5o) = - 
and so 5o is the solution of 



mm 



|l^|^'|2d^+ 1^(0)2 _^(0) : ueHli^)^ 



min{F(/i) : ii{VL) < 1}. 



popmeas 



examdeltal 
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3.1. Minimization problems in concerning the Dirichlet Energy functional. Let 

$1 C M'^ be a bounded open set and let / € L^(il). By Theorem 



3.1 



m.\n{-£f{V) : FgV} 



with 



V 



1^ > 0, 



the problem 
VPdx<l 



(3.7) maxpb 



admits a solution, where SfiV) is the energy functional defined in ( 1.1 ). We notice that, replacing 
—Efiy) by 8f{y), makes problem (3.7) trivial, with the only solution V = Minimization 
problems for 8f will be considered in Section |4] for admissible classes of the form 



V 



y > 0, V~Pdx<l 



n 



Analogous results for F{V) 
I maxex Proposition 3.6. Let ft C 



—Xi{V) were proved in [12^ Theorem 8.2.3]. 

be a bounded open set, 1 < p < co and f € L^(r2). Then the 
problem (3.7) has a unique solution 



-i/p 



^i+(p+i)/(p-i) 



where Up £ Hq{Q) n L'^p/^p ^H^) ^•^ minimizer of the functional 



Jp{u) 



\SJur dx + 



dx 



(p-i)/p 



/ 



uf dx. 



(3.^ 



Moreover, we have Sf{Vp) = Jp{up). 
Proof. We first show that we have 



max mm 



1, 



\7u\'^ + u^V — uf ] dx < min max 



1 



Vu|2 + nV-u/ dx 



(3.9) 

where the maximums are taken over all positive functions V G LP{il). For a fixed u G H^{Q), the 



u 



maximum on the right-hand side (if finite) is achieved for a function V such that ApV 
where A is a Lagrange multiplier. By the condition VP dx = 1 we obtain that the maximum 
is achieved for 



V 



2p 

\u\ dx 



i/p 



\u\ p-i . 



Substituting in (3.9), we obtain 

ma^{£f{V) : V e V} < min {jp{u) : u e H^{n)} . (3.10) 

Let Un be a minimizing sequence for Jp. Since inf Jp < 0, we can assume Jp{un) < for each 
n G N. Thus, we have 



1 



(p-i)/p 



|Vn„|^ dx+^i^J^ |n„|2p/(P-i) dxj < 
where C is a constant depending on il. Thus we obtain 

I VUn P + 



infdx < C||/||i2(Q)||Vn„||i2, (3.11) 



n 



(p-i)/p 



and so, up to subsequence converges weakly in H^{n) and L2p/(p-i)(f7) to some Up G H^{n)n 



2p 

7;,2p/(p-i)(J7). By the semicontinuity of the L^-norm of the gradient and the Lp-i-norm and the 



Ja 



maxexf ebl 



E<J 



apriori 



(3.12) apriori2 
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fact that J^fundx — )• J^fupdx, as n — )• oo, we have that Up is a minimizer of Jp. By the 
strict convexity of Jp, we have that Up is unique. Moreover, by (3.11) and (3.12), Jp{up) > — oo. 
Writing down the Euler-Lagrange equation for Up, we obtain 



Setting 



-Aup + 



\up\^P/(P~'Ux 



-i/p 



|2/(P-1) 



|n„pf/(f-i) dx 



-i/p 



|2/(P-1) 



we have that Vp dx = 1 and Up is the solution of 



Aup + VpUp 



(3.13) eqalpha 



In particular, we have Jp{up) = £p{Vp) and so Vp solves (3.7). The uniqueness of Vp follows by 
the uniqueness of Up and the equality case in the Holder inequality 



u^Vdx < 



V^dx 



i/p 



dx 



{p-l)/p 



< 



dx^ 



(p-l)/p 



□ 



When the functional F is the energy £f, the existence result holds also in the case p = 1. 
Before we give the proof of this fact in Proposition 3.9, we need some preliminary results. We 
also note that the analogous results were obtained in the case F = — Ai (see |12^ Theorem 8.2.4]) 
and in the case F = —£f, where / is a positive function (see [9]). 



Remark 3.7. Let Up be the minimizer of Jp, defined in (3.8). By (3.12), we have the estimate 



iVn. 



■pllL^iQ) + II'"pIIl2p/{p-i)(C) 



< 4C^ 



where C is the constant from (3.11). Moreover, we have Up G Hf^^iVi) and for each open set 
17' CC ri, there is a constant C not depending on p such that 

lhpllH2(n') < c{f, r2'). 

Indeed, Up satisfies the PDE 

- Au + c|u|°n = /, (3.15) 

with c > and a = 2/{p — 1), and standard elliptic regularity arguments (see [111 Section 
6.3]) give that u G Hf^^{Q). To show that ||wp||_f/2(f^/) is bounded independently of p we apply 

the Nirenberg operator dtu 



u{x+hek)—u{x) 



Ji^u, — on both sides of (3.15), and multiplying by 4> d^u, 

where (p is an appropriate cut-off function which equals lonVt', we have 

/ cl)'^\Vd^u\^dx+ [ V{d^u)-V{^'^)d^udx + c{a + l) [ (t>'^\u\''\d'i^u\'^ dx (3.16) 

fd'!:{<t?dlu)dx. 



for all A; = 1, . . . , d. Some straightforward manipulations now give 

d 



L2(n') 



-XI / <P^\^dku\'^ dx <C{n') 
k=i 



L2({<^2>0}) 



+ llVlil 



L2(n) 



)• 



(3.14) unifestl 



unif est2 



unif estS 



(3.17) unif est4 
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Lemma 3.8. Let VLcW be an open set and f £ L'^{Q). Consider the functional Ji : L^(r2) — J- 
M defined by 

Ji{u)--=l [ |Vn|2dx + :^||u||^- / ufdx, (3.18) 
Jn ^ Jn 

Then, Jp T -converges in L^(J7) to Ji, as p — )• 1, where Jp is defined in (3.8). 
Proof. Let w„ G L'^(Q) be a sequence of positive functions converging in to w € L^(il) and 



let an — )• +00. Then, we have that 

ll^llL°°(n) < hminf ||v„||L«n(Q). 



(3.19) 



In fact, suppose first that ||f ||loo = M < +oo and let Ue = {v > M — e}, for some e > 0. Then, 
we have 



liminf ||t>„||2,Q„(f2) > lim 



|(l-a„)/«„ 



V dx > M — e, 



and so, letting e — )• 0, we have lim inf. 



Il'^u^q) < M. If ||f ||l°° = +00, then setting 
= {'v > k}, for any A; > 1, and arguing as above, we obtain (3.19). 
Let ?Xn — )■ li in L^(f2). Then, by the semicontinuity of the norm of the gradient and (3.19) 
and the continuity of the term uf dx, we have 

Ji(n) < liminf Jp„(n„), (3.20) 

n—^oo 

for any decreasing sequence j?n — 1. On the other hand, for any n G L^, we have Jp„{u) — )■ Ji{u) 
as n — )• oo and so, we have the conclusion. □ 

I maxone Proposition 3.9. Let 17 C M'^ 6e a bounded open set and f G L^(il). Then there is a unique 
solution of problem (3.7) with p = 1, given by 

^1 = ^ {Xio+f - Xio-f) , 

where M = ||ioo(f^), a;+ = {ui = M}, a;_ = {ui = —M}, being ui G Hq{Q) n L'^{ft) the 
unique minimizer of the functional Ji, defined in ( |3.18 ). In particular, f^^ f dx — f^ f dx = M, 
f > on a;+ and f < on a;_ . 

Proof. For any u G Hq{Q,) and any ^ > with J^V dx < 1 we have 



u^V dx < \\u\ 



V dx < \\u\ 



where for sake of simplicity, we write || • ||oo instead of || • Hioo^fj). Arguing as in the proof of 
Proposition 3.6, we obtain the inequalities 
1 
2 

max 



|Vu| dx + - / u V dx — j ufdx < Ji{u), 
!^£f{V) : j F < l| < min{Ji(u) : u e H^{n)} . 



As in (3.11), we have that a minimizing sequence of Ji is bounded in Hq{Q) n L°°{Q) and thus 
by semicontinuity there is a minimizer ui G iifQ(ri) n L°°(il) of Ji, which is also unique, by 
the strict convexity of Ji. Let Up denotes the minimizer of Jp as in Proposition 3.6 Then, by 
Remark 



3.7 



we have that the family Up is bounded in Hq{CI) and in H'^{Q') for each Cl' CC fi. 
Then, we have that each sequence Up^ has a subsequence converging weakly in L^(f]) to some 
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we have u = ui and so, ui £ Hf^^{Q) n Hq{Q). Thus 



3.8 



u G Hl^{Vl) n Hl{Vl). By Lemma 

■"Pn ill -^^^(^)- 

Let us define M = ||?ii||oo and uj = ojj^ U a;_. We claim that ui satisfies, on Q. the PDE 

-An + x.;/ = /. (3.21) 

Indeed, setting J7( = n < t} for t > 0, we compute the variation of Ji with respect to any 
function S Hq{Q.m-£)- Namely we consider functions of the form = ijjw^ where We is the 
solution of — = 1 on Q.M-e^ and = on dO-M-e- Thus we obtain that — Aui = / on 
Om-£ and letting e — t- we conclude, thanks to the Monotone Convergence Theorem, that 

—Alii = / on Qm = ^\oj. 

Moreover, since ui G Hf^^[n), we have that Aui = on w and so, we obtain ( |3.21[ ). 

Since u\ is the minimizer of Ji, we have that for each e G M, Ji((l + s)u\) — Ji(ui) > 0. Taking 

the derivative of this difference at e = 0, we obtain 



f \Vui\^ dx + M"^ = [ fuidx. 
Jn Jn 



By (3.21 ), we have |Vtiip dx = f^x^^ fui dx and so 



M 



f dx 



f dx. 



Setting Vi := {xu)+f — Xi^-f)^ we have that Vi dx = 1, — Aui + Viui = f in H ^(il) and 



Ji{ui) 



iVuil dx + 



1 



ufVi dx 



uif dx. 



We are left to prove that Vi is admissible, i.e. Vi > 0. To do this, consider Ws the energy 
function of the quasi-open set {u < M — e} and let if = Wetp where tp G C^(M'^), ip > 0. Since 
> 0, we get that 

Ji{ui + tip) - Ji(ui) 



< lim 

i-5-0+ 



t 



(Vui, Vip) dx 



/ fipdx. 
Jn 



This inequality holds for any tp so that, integrating by parts, we obtain 

-Ami - / > 

almost everywhere on {ui < M — e}. In particular, since Aui = almost everywhere on 
a;„ = {u = —M}, we obtain that / < on oj-. Arguing in the same way, and considering test 
functions supported on {ui > —M + e}, we can prove that / > on ^^4.. This implies 14 > as 
required. □ 

Remark 3.10. Under some additional assumptions on Q and / one can obtain some more precise 
regularity results for ui. In fact, in |17| Theorem Al] it was proved that if (917 G and if 
/ G L°°{n) is positive, then m G Ci'^(n). 



Remark 3.11. In the case p < 1 problem (3.7) does not admit, in general, a solution, even for 
regular / and Q. We give a counterexample in dimension one, which can be easily adapted to 
higher dimensions. 

Let = (0, 1), / = 1, and let x^^k = k/n for any n G N and A; = 1, . . . , n — 1. We define the 
(capacitary) measures 



n-l 



maxonel 



(3.22) maxone2 



(3.23) maxone2 



k=l 
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S4 



mainPhi 



where Sx is the Dh'ac measure at the point x. Let Wn be the minimizer of the functional J^^ (!> ■)) 
defined in (2.4). Then Wn vanishes at Xn,k, for k = 1, . . . ,n 



n mm 




u dx 



1, and so we have 



C_ 



where C > is a constant. 

For any fixed n and j, let VJ^ be the sequence of positive functions such that \ V^\p = 1, 
defined by 

n-l 



n-l 



3 



/P 



X 



1 fc^_ 

j ' n 



1 k 

j ' n 



k = l " k = l 

where Cn is a constant depending on n and / is as in ( |2.2[ ). By the compactness of the 7- 
convergence, we have that, up to a subsequence, dx 7-converges to some capacitary measure 



/X as j — )• 00. On the other hand it is easy to check that 



1 1 1 



(x) 7-converges to 



/x„ as j — )• 00. By (3.24), we have that /i < In order to show that /i = ^„ it is enough to 



check that each nonnegative function u G Hq{(0, 1)), for which J dfj, < +00, vanishes at x^^k 
for k = 1, ... ,n — 1. Suppose that u{k/n) > 0. By the definition of the 7-convergence, there is 
a sequence Uj G -ffo(^) ~ Hyn{^) such that Uj — )■ u weakly in Hq{^}) and / u^V^ dx < C, for 
some constant C not depending on j £ N. Since are uniformly 1/2-Holder continuous, we 
can suppose that Uj > e > on some interval I containing k/n. But then for j large enough / 
contains [k/n — l/j,k/n + so that 



C > 



u^Vp dx > 



k/n+l/j 



u^VJ" dx > 2C„e2ji/p- 



/O " " Jk/n-l/j 

which is a contradiction for p < 1. Thus, we have that /u 

lim,- 



fin and so VJ^ 7-converges to fin as 



j — )• c«. In particular, £{iin) = liiiij-s>oo ^liyp) and since the left-hand side converges to zero as 
n — )• 00, we can choose a diagonal sequence 1/" such that £{Vj^) — )• as n — )• 00. Since there is 
no admissible functional V such that £1 (V) = 0, we have the conclusion. 

4. Existence of optimal potentials for unbounded constraints 

In this section we consider the optimization problem 

mm{F{V) : V £ V} , (4.1) 

where V is an admissible class of nonnegative Borel functions on the bounded open set J7 C M"' 
and F is a cost functional on the family of capacitary measures Ai'^g_p{0,). The admissible classes 
we study depend on a function ^' : [0, -|-oo] — )• [0, -|-oo] 

V = |f : 17 [0, -1-00] : V Lebesgue measurable, J ^{V) < l| . 



be a bounded open set and ^' : [0, -|-oo] — )• [0, -|-oo] a strictly decreas- 
convex. Then, for any functional F : A1^p(S7) — )• M which is increasing 



Theorem 4.1. Let O C 

ing function with 

and lower semicontinuous with respect to the ^-convergence, the problem (4.1) has a solution 



Proof. Let £ V be a minimizing sequence for problem (4.1). Then, u„ := ^{Vn) is a bounded 
sequence in L^(r2) and so, up to a subsequence, Vn converges weakly* to some measure v. We 
will prove that V := "^^^{va) is a solution of (4.1 ), where Ua denotes the density of the absolutely 



continuous part of u with respect to the Lebesgue measure. Clearly V £ V and so it remains 



(3.24) esempioVjn 



popPhi 
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s41 



to prove that F(V) < lira ini n F(Vn)- In view of Remark |2.4[ we can suppose that, up to a 
subsequence, Vn 7-converges to a capacitary measure /x € A^^p(f2). We claim that the following 
inequalities hold true: 

< F(^) < liminfF(K). (4.2) [thT 



In fact, the second inequality in (4.2) is the lower semicontinuity of F with respect to the 7- 
convergence, while the first needs a more careful examination. By the definition of 7-convergence, 
we have that for any u G Hq{Q), there is a sequence Un G F[q{Q) which converges to u in L^(r2) 
and is such that 



\Vu\ dx + / u dfi = lim / \Vun\ dx + u^Vndx 

Jn Jn 

= lim / \Vun\'^dx + / u'^^~^{vn)dx 
Jn Jn 



> 



Jn Jn 



\Vurdx+ / u^Vdx 



where the inequality in (4.3) is due to strong- weak* lower semicontinuity of integral functionals 
(see for instance [4J). Thus, for any u £ Hq{Q), we have 

dfi > / u^V dx, 



which gives V < fi. Since F is increasing, we obtain the first inequality in (4.2) and so the 
conclusion. □ 



Remark 4.2. The condition on the function ^' in Theorem 4.1 is satisfied for instance by the 
following functions: 

(1) ^(x) = for any p > 0; 

(2) -^(x) = e""^, for any a > 0. 

4.1. Optimal potentials for the Dirichlet Energy and the first eigenvalue of the 
Dirichlet Laplacian. In some special cases, the solution of the optimization problem (4.1) 



can be computed explicitly through the solution of some PDE, as in Subsection |3.1[ This occurs 
for instance when F = Ai or when F = £f, with / G L'^{Q). We note that, by the variational 
formulation 



\^(y) = mm\ I \Vu\'^dx+ [ u^Vdx : u£H^{n), 
[Jn Jn 



u dx = 1 



(4.4) 



we can rewrite problem (4.1) as 



mini min | / \Vu\^ dx + / u^V dx\ : F > 0, / '^{V)dx<l 
lll"ll2=i Jn ^ Jn 

= min iminj / \Vu\^ dx + / u^V dx : V>0, / '^{V)dx <l\ \ . 
||'"||2=i L Jn Jn ' ) 



(4.3) ineqtli2 



(4.5) op3 



One can compute that, if ^ is differentiable with ^' invertible, then the second minimum in 

V = {^>')-\Ku'), (4.6) Wo^ 



(4.5) is achieved for 
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lb 



s5 



where is a constant such that ^ {i"^') ^(AuU^)) dx = 1. Thus, the solution of the problem 
on the right hand side of (|4.5|) is given through the solution of 



nun 



Jn Jn J VI 



u dx = 1 



Analogously, we obtain that the optimal potential for the Dirichlet Energy £f is given by (4.6), 
where this time u is a solution of 



mm 



[ l\Vu\^dx+ f ]-u^{-^'y^{KuU^)dx- [ fudx : u e H^in)\ . 
Jn ^ Jn ^ Jn J 

Thus we obtain the following result. 
Corollary 4.3. Under the assumptions of Theorem 



.1 



for the functionals F = Xi and F = £f 
there exists a solution of (4.1) given by V = {'i>')^^{Auu'^), where u £ Hq{Q) is a minimizer of 
(4.7), in the case F = Ai, and of (4.8), in the case F = £f. 

Example 4.4. If ^[x) = x~p with p > 0, the optimal potentials for Ai and £f are given by 



V 



|^|2p/(p+l) 



1/p 



,-2/(p+l) 



where u is the minimizer of (4.7) and (4.8), respectively. We also note that, in this case 

0' 



u^{^')-\AuU^)dx 



\ (i+p)/p 



Example 4.5. If ^{x) = e 



with a > 0, the optimal potentials for Ai and Sj are given by 

1 ■ ■ 



V 



a 



log 



u dx 



log (u 



where u is the minimizer of (4.7) and (4.8), respectively. We also note that, in this case 

log (u^) dx — log (u^) dx ) . 
1 Jn ) 



[ u'^{¥)-\AuU^)dx 
Jn 



1 

a 



dx 



5. Optimization problems in unbounded domains 

In this section we consider optimization problems for which the domain region is the en- 
tire Euclidean space M"^. General existence results, in the case when the design region Q is 
unbounded, are hard to achieve since most of the cost functionals are not semicontinuous with 
respect to the 7-convergence in these domains. For example, it is not hard to check that if [i is 
a capacitary measure, infinite outside the unit ball then, for every x„ — >• 00, the sequence of 
translated measures /x„ = + x„) 7-converges to the capacitary measure 

'0, if cap(S) = 0, 
^+00, if cap(i?) > 0. 

Thus increasing and translation invariant functionals are never lower semicontinuous with respect 
to the 7-convergence. In some special C3fSGS, clS the Dirichlet Energy or the first eigenvalue of 
the Dirichlet Laplacian, one can obtain existence results by more direct methods, as those in 
Proposition |3.6[ 

For a potential V > and a function / G U^{M^\ we define the Dirichlet energy as 

f/(y) = inf|y" (^^|Vup + ^F(x)u2-/(a;)u)dx : uGC;?^(M'^)|. (5.1) 



(4.7) gsl 



gs2 



(4.9) vopt2 



(4.10) vopt2 



energyrd 
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In some cases it is convenient to work with the space H^{R'^), obtained as the closure of C^{R'^) 
with respect to the norm of the gradient, instead of the classical Sobolev space i7^(M^). We 
recall that if d > 3, the Gagliardo-Nirenberg-Sobolev inequality 

holds, while in the cases d < 2, we have respectively 



Vn G H^l 



(5.2) gnsdS 



|m||lcx) < 



|M||Lr + 2 < 



r + 2 



2/(r+2) 



u 



r/(r+2)n /||2/(r+2) 



U 



lL2 



I r,\ 2/(r+2) 
"■^^^ IU,ir/(''+2)||Y7„||2/(^+2) 

II "'IIl'" II ""11^2 ) 



Vr > 1, Vn G ^^(M); 
Vr > 1, Vu G ij^(M2). 



(5.3) gnsdl 



(5.4) gnsd2 



5.1. Optimal potentials in LP{M.'^). In this section we consider optimization problems for the 
Dirichlet energy £f among potentials V > satisfying a constraint of the form ||V||2,p < 1. We 
note that the results in this section hold in a generic unbounded domain fl. Nevertheless, for 
sake of simplicity, we restrict our attention to the case = M'^. 

Proposition 5.1. Let p > 1 and let q be in the interval with end-points a = 2p/{p + 1) and 
b = max{l,2d/{d + 2)} (with a included for every d>l, and b included for every d^2). Then, 
for every f G L'^(R'^), there is a unique solution of the problem 



(5.5) maxrd 



Proof. Arguing as in Proposition 3.6 we have that for p > 1 the optimal potential Vp is given 
by 



\u. 



|2/(P-1) 



(5.6) Vprd 



where Up is the solution of the problem 



1 



mm 



IV-ur dx + 



1 



|n|2f/(f-i) dx 



{p-i)/p 



uf dx : 



(5.7) Jard 



Thus, it is enough to prove that there exists a solution of (5.7). For a minimizing sequence Un 
we have 



I Vn„ 1 2 (ix H — 



(p-i)/p 
|nJ2f/(f-i)dx] < 



Unfdx < C||/||l9||m. 



(5.J 



Suppose that d> 3. Interpolating q' between 2p/{p—l) and 2d/{d — 2) and using the Gagliardo- 



Nirenberg-Sobolev inequality (5.2), we obtain that there is a constant C, depending only on p, d 
and /, such that 

(p-i)/p 

|uJ2p/(P-i) <C. 



|Vm„| dx + 



1 



Thus we can suppose that n„ converges weakly in H^{R'^) and in L2p/(p-i)(M'^) and so, the 



problem (5.7) has a solution. In the case d < 2, the claim follows since, by using (5.3), (5.4) 



and interpolation, we can still estimate ||nn||j;^g' by means of ||Vn„||^2 and ||n„||2^2p/(p-i) 



□ 



apriorird 
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maxonerd 



exajnmaxrd 



Repeating the argument of Subsection 3.1, one obtains an existence result for (5.5) in the 
case p = I, too. 

Proposition 5.2. Let f € L'?(M'^), where q e [1, if d > 3, and q = 1, if d = 1,2. Then 



there is a unique solution V\ of problem (5.5) with p = 1, which is given by 



^1 



M 



[Xu 



Xu 



where M = H^iiHioc^jgd), oj+ = {ui = M}, oj^ = {ui = — M}, and ui is the unique minimizer of 



mm 



I VnP dx -\ — lliill ro 



ufdx: ue H'^{R'^)nL 



(5.9) 



In particular, J^^ f dx — f dx = M , f > on and f < on uj^ . 



We note that, when p = 1, the support of the optimal potential Vi is contained in the 
support of the function /. This is not the case if p > 1, as the following example shows. 

Example 5.3. Let / = Xb{o,i) p > 1- By our previous analysis we know that there exist a 
solution Up for problem (5.7) and a solution Vp for problem (5.5) given by (5.6). We note that 
Up is positive, radially decreasing and satisfies the equation 

-n"(r) - ^^n'(r) + C7n" = 0, re(l,+oo), 
r 

where a = 2p/{p — 1) > 2 and C is a positive constant. Thus, we have that 

Up{r) = kr'^/'-^-''\ 

where k is an explicit constant depending on C, d and a. In particular, we have that Up is not 
compactly supported on M'^ (see Figure [I]). 



Jlxx 




Figure 1. The solution Up of problem (5.7), with p > 1 and / = Xb{o,i) does 
not have a compact support. 



figl 



ss52 



5.2. Optimal potentials with unbounded constraint. In this subsection we consider the 
problems 



min|^:/(y) : ^ > 0, j V'P dx < 1^ , 
min|Ai(y) -.VyO, J V'^ dx < 1^ , 



(5.10) 



minrd 



(5.11) |lbrd 
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for p > and / G L''(M'^). We will see in Proposition 5.4 that in order to have existence for 
(5.10) the parameter q must satisfy some constraint, depending on the value of p and on the 



dimension d. Namely, we need q to satisfy the following conditions 

2d 2p 



q G 



d + 2'p- r 
2d 

,+ooJ 



d + 2 



2p . 
p-V 
qe (l,+oo] 

qe [l,+oo] 



(1, 
gG (: 

[1, 



if (i > 3 and p > 1, 
if d > 3 and p < 1, 

if d = 2 and p > I, 
if d = 2 and p < 1, 
if d = 1 and p > I, 
if d = 1 and p < I. 



(5.12) admq 



We say that q = q{p, d) G [1, +c«] is admissible if it satisfy (5.12). Note that g = 2 is admissible 
for any d > 1 and any p > 0. 



exErd Proposition 5.4. Let p > and f £ L'^(R'^), where q is admissible in the sense of (5.12). 
Then the minimization problem (5.10) has a solution Vp given by 



-2/(l+P) 



where Up is a minimizer of 



1 



mm 



\Vurdx + 



\ (p+l)/p 

|^|2P/(P+1) 



uf dx : 



(5.14) 



(5.13) V-prd 



J-ard 



G H\R'^), g L^(M'^) I. 



csl 



Moreover, if p > I, then the functional in (5.14) is convex, its minimizer is unique and so is the 



solution of (5.10). 



Proof. By means of (5.2), (5.3) and (5.4), and thanks to the admissibility of q, we get the 



existence of a solution of (5.14) through an interpolation argument similar to the one used in 



the proof of Proposition 5.1 The existence of an optimal potential follows by the same argument 
as in Subsection |4JJ □ 



In Example 5.3, we showed that the optimal potentials for (5.5), may be supported on the 
whole M'^. The analogous question for the problem (5.10) is whether the optimal potentials given 



by (5.13) have a bounded set of finiteness {Vp < +oo}. In order to answer this question, it is 



sufficient to study the support of the solutions Up of (5.14), which solve the equation 



An + Cp|ur2/(P+i)u = /, 



(5.15) eulagrd 



where Cp > is a constant depending on p. 



Proposition 5.5. Let p > and let f G L'^(K'^), for q > d/2, be a nonnegative function with a 
compact support. Then every solution Up of problem ( 5.14[ ) has a compact support. 
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Proof. With no loss of generality we may assume that / is supported in the unit ball of W^. We 
first prove the result when / is radially decreasing. In this case Up is also radially decreasing 
and nonnegative. Let v be the function defined by f (|a;|) = Up{x). Thus v satisfies the equation 

y" _ ^tlly' ^ Cpv' = rG(l,+oo), 



v{l) = Up{l), 



(5.16) 



where s = {p — 1) /{p + 1) and Cp > is a constant depending on p. Since v >0 and t;' < 0, we 
have that v is convex. Moreover, since 



r+oo 

k 



+ 00 



\v\'^r'^ ^ dr < +00, 



we have that v, v' and v" vanish at infinity. Multiplying (5.16) by v' we obtain 



d-l 



v'{ry < 0. 



" s + 1 

Thus the function f'(r)^/2 — Cpv{r)^^^ /{s + 1) is decreasing and vanishing at infinity and thus 
nonnegative. Thus we have 

- v'{r) > Cv{r)^'+^^/'^, r e (1, +oo), 



(5.17) 



where C = {2Cp/{s + 1))^^^ Ar guing by contradiction, suppose that v is strictly positive on 
(l,+oo). Dividing both sides of (5.17) and integrating, we have 

_^(^)(i-^)/2 >Ar + B, 

where A = 2C/(1 — s) and B is determined by the initial datum v{l). This cannot occur, since 
the left hand side is negative, while the right hand side goes to +oo, as r — )• +oo. 

We now prove the result for a generic compactly supported and nonnegative / G -L'^( 



Since the solution Up of (5.14) is nonnegative and is a weak solution of (5.15), we have that on 
each ball Br C M'^, Up < u, where u G H^{Bji) is the solution of 

— Au = / in Bji, u = Up on dB^. 

Since / G L'^/^(M'^), by \19\ Theorem 9.11] and a standard bootstrap argument on the integra- 
bility of u, we have that u is continuous on a consequence, Up is locally bounded in 

W^. In particular, it is bounded since Up A M, where M = WupWiaaf^^^-^, is a better competitor 
than Up in (5.14). Let w be a radially decreasing minimizer of (5.14) with / = xBi- Thus w is 
a solution of the PDE 

-Aw + CpW^ = XBi, 

in M , where Cp is as in (5.16). Then, the function Wt{x) = t2/(l-^)u;(x/t) is a solution of the 
equation 

-J\wt + CpWt=t'''^^-'hB,. 

Since Up is bounded, there exists some t > 1 large enough such that wt > Up on the ball Bt. 
Moreover, wt minimizes (5.14) with / = t^^^^'^^^'^XBt ^iid so wt > Up on M'^ (otherwise Wt A Up 
would be a better competitor in (5.14) than Wp). The conclusion follows since, by the first step 
of the proof, Wt has compact support. □ 



The problems (5.11) and (5.10) are similar both in the questions of existence and the qual- 
itative properties of the solutions. 
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Ibrdex Proposition 5.6. For every p > there is a solution of the problem (5.11) given by 

^2/(l+p) 



1/p 



where Up is a radially decreasing minimizer of 



mm 




Vurdx + 



(p+i)/p 



dx = 1 



(5.19) 



Moreover, Up has a compact support, hence the set {Vp < +00} is a ball of finite radius in W^. 

Proof. Let us first show that the minimmn in (5.19) is achieved. Let Un € H^{W^) be a mini- 
mizing sequence of positive functions normaUzed in . Note that by the Polya-Szego inequality 
we may assume that each of these functions is radially decreasing in M*^ and so we will use the 
identification Un = Un{r). In order to prove that the minimum is achieved it is enough to show 
that the sequence u„ converges in Lp'iW^). Indeed, since n„ is a radially decreasing minimizing 
sequence, there exists C > such that for each r > we have 



n„(r)2p/{P+i) < 



1 



u: 



Br 



c_ 



Thus, for each R > 0, we obtain 



Up we can write it in the form Up{x) = Up{\x\) = Up{r), where r 
satisfies the equation: 

„ d-l 



\x\. With this notation, Ur. 



Up ~t~ CpUp 



\u. 



where s = (p— l)/(p+l) < 1 and Cp > is a constant depending on p. Arguing as in Proposition 
5.5, we obtain that, for r large enough. 



-u'p{r) 



> 



Cn 



S + l 



Up{r) 



A 



Up{r)'' 



1/2 



> 



2 S + l 



-Up{r) 



s+l 



1/2 



where, in the last inequality, we used the fact that Up{r) — )• 0, as r — )• 00, and s + 1 < 2. 
Integrating both sides of the above inequality, we conclude that Up has a compact support. In 
Figure [21 we show the case d = 1 and / = D 



(5.18) V-prd2 



J-ard2 



/ uldx<Ci r-'^^P+^^IPr'^-^dr = C2R-^''P, (5.20) Ibrdexl 

where Ci and C2 do not depend on n and R. Since the sequence Un is bounded in H^{W^), it 
converges locally in L'^{W^) and, by (|53o]), this convergence is also strong in L^(M'^). Thus, we 
obtain the existence of a radially symmetric and decreasing solution Up of (5.19) and so, of an 
optimal potential Vp given by (5.18). 

We now prove that the support of Up is a ball of finite radius. By the radial symmetry of 



igns 



Remark 5.7. We note that the solution Up G H {M. ) of (5.19) is the function for which the best 



constant C in the interpolated Gagliardo-Nirenberg-Sobolev inequality 



< cwvuW^; 



d/{d+2p)u ||2p/(d+2p) 



(5.21) ignsl 
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Figure 2. The solution Up of problem (5.14), with p> 1 and / = X(-i,i) 



is achieved. Indeed, for any u £ H^{M'^) and any i > 0, we define ut{x) := t'^/'^u{tx). Thus, we 
have that ||^i||i2(igd') = ||^it||z,2(iR'*)j for ™y ^ > 0. Moreover, up to a rescaling, we may assume 
that the function g : (0, +oo) — >■ M, defined by 



g{t) = [ \Vut\' 



\jR<i 

achieves its minimum in the interval (0, +oo) and, moreover, we have 



min g{t) = C 

t6(0,+oo) 



\Vu\^dx \ 



X d/{d+2p) 



2p 

\u\ p+1 dx 



2{p+l)/{d+2p) 



where C is a constant depending on p and d. In the case u = Up, the minimum of g is achieved 
for t = 1 and so, we have that Up is a solution also of 



mm 




VmI dx 



d/(d+2p) 



\U 



|2p/(p+l)^^ 



2(p+l)/(d+2p) 



1 /m>d\ 



dx = 1> , 



which is just another form of (5.21). 



6. Further remarks and open questions 

We recall (see |3]) that the injection Hy{M.'^) ^ L^(M'^) is compact whenever the potential 
V satisfies V~p dx < +oo for some < p < 1 . In this case the spectrum of the Schrodinger 
operator — A + y is discrete and we denote by Afc(F) its eigenvalues. The existence of an optimal 
potential for spectral optimization problems of the form 



min|Afc(y) : ^ j ^~^dx < l| , 



for general € N, cannot be deduced by the direct methods used in Subsection 5^ In this last 
section we make the following conjectures: 



Conjecture 1) For every A: > 1, there is a solution Vk of the problem (6.1). 
Conjecture 2) The set of finiteness {V^ < +oo}, of the optimal potential V^, is bounded. 

In what follows, we prove an existence result in the case k = 2. We first recall that, 



by Proposition 5.6, there exists optimal potential Vp, for Ai, such that the set of finiteness 



{Vp < +00} is a ball. Thus, we have a situation analogous to the Faber-Krahn inequality, which 
states that the minimum 

|Ai(J1) : !^ C M'^, \n\ = c} , (6.2) 



mm • 



fig2 



(6.1) I Ibrdk 



fk 
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is achieved for the ball of measure c. We recall that, starting from (6.2), one may deduce, by 
a simple argument (see for instance |12]), the Krahn-Szego inequality, which states that the 
minimum 

min|A2(f^) : ncR'^, = c} , (6.3) ^ 

is achieved for a disjoint union of equal balls. In the case of potentials one can find two optimal 
potentials for Ai with disjoint sets of finiteness and then apply the argument from the proof of 
the Krahn-Szego inequality. In fact, we have the following result. 



potks Proposition 6.1. There exists an optimal potential, solution of (6.1) with k = 2. Moreover, 
any optimal potential is of the form min{Vi,y2}; where Vi and V2 are optimal potentials for 
Ai which have disjoint sets of finiteness {Vi < +00} n {V2 < +00} = and are such that 
J^,V,-^dx = J^,V,-^dx = l/2. 

Proof. Given Vi and V2 as above, we prove that for every F : M'^ — [0, +00] with J^a dx = 1, 
we have 

\2{m.\.n{Vi,V2]) < X2iV). 

Indeed, let U2 be the second eigenfunction of —A + V. We first suppose that U2 changes sign 
on M*^ and consider the functions V+ = sup{y, c«|„2<o}} and V- = sup{F, cxD|„2>o}} where, for 
any measurable ^ C M'^, we set 



00^(2;) 

We note that 



+00, X £ A, 
0, x^ A. 



1= V~Pdx= dx + / VZ^ dx. 

Moreover, on the sets {u2 > 0} and {u2 < 0}, the following equations are satisfied: 

-Au^ + V+u^ = X2{V)u^, -An2 + V^u^ = X2{V)u2 , 
and so, multiplying respectively by and , we obtain that 

X2{V)>Xi{V+), A2(F) > Ai(y_), (6.4) ^ 

where we have equalities if, and only if, and are the first eigenfunctions corresponding 
to Ai(V"+) and Ai(l^_). Let now V+ and V- be optimal potentials for Ai corresponding to the 
constraints 

^ VZPdx= I V^^'dx, I V:'Pdx= I Vydx. 



By Proposition 5.6 the sets of finiteness of V+ and V- are compact, hence we may assume (up 



to translations) that they are also disjoint. By the monotonicity of Ai, we have 

max{Ai(yi),Ai(y2)} <max{Ai(y+),Ai(y_)}, 

and so we obtain 

X2{mm{Vi,V2}) < max{Ai(y+),Ai(^^_)} < max{Ai(y+), Ai(y_)} < A2(l^), 

as required. If U2 does not change sign, then we consider V+ = sup{y, oo|u2=o}} ^- = 
sup{y, oo|„^=o}}) where u\ is the first eigenfunction of —A + V . Then the claim follows by the 
same argument as above. □ 
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For more general cost functionals F{V), the question if the optimization problem 

min|F(y) : F > 0, ^ dx < 1^ 
admits a solution is, as far as we know, open. 
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